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The computationof the boundsof the response to the forced vibration of damaged beams in 

presence of uncertain but bounded damage intensities requires the solution of highly 

nonlinear equations

The frequency parameters exhibit monotonictrends with respect to the damage intensities

Motivation
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Motivation
The response to the forced vibrations may exhibit non-monotonictrends with respect to the 

damage intensities in terms of transversal displacement 
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Objective

- Explicit expression of the eigenpropertiesof the beam and subsequentlyof response

parametersof theforcedvibrationsof crackedbeams

- Application to direct problems(responsevariability and identification of the boundsof the

response)

Procedure

- Adoption of the distributiontheory (generalisedfunctions) 

- Approximatedformulasfor the computationof the mainmodalparameters(frequency, generalized

modalmass and modalloadterms)

Objective

Problem

Dynamicsof Euler-Bernoulli multi-crackedbeams

Crackmodelling:

- equivalentrotationalhingemodel(Ki,xi), i=1,én

- crackintensitiesli, i=1,én (hereconsideredasvariablesof theproblemcollectedin the vector

)[ ]1 2, ,... ,...i nl l l l=ɚ
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The equivalent rotational spring to 

model concentrated damage

Equivalent model 
(Freund and Herrmann 1976, 

Gounaris & Dimarogonas1988)
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How multiple singularities can be treated 
without increasing the size of the problem?

Transfermatrix method

(Li 2002)

Theoryof distributions

(WangandQiao 2007)

Stiffnessreductionmethod

(CaddemiandCaliò 2008)

Flexibility modelling

(PalmeriandCicirello 2011)

ForceGreenôsfunctions

(Failla et al. 2008)
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The structuralresponseof crackedbeamsis usuallysolvedby enforcingthe continuityconditions

at the crackedsections
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At the University of Catania the theory of distributionshasbeensuccessfullyproposed

with referenceto:

STATICS (Biondi and Caddemi 2007, Caddemi et al. 2013), 

STABILITY (Caddemi and Caliò 2008, Caddemi et al. 2014) 

DYNAMICS (Caddemi and Caliò 2009, Caddemi et al. 2015).

Background
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Applications of thesebasicsolutionshavebeen

appliedto differentfields:

DYNAMIC INSTABILITY of damagedbeams

(Caddemi et al. 2014)

TENSILE BUCKLING (Caddemi et al. 2015)

DYNAMICS AND STABILITY of damagedframes 

(Caddemi and Caliò 2013, Caddemi et al. 2013, 

Caddemi et al. 2017),

STATICS OF MULTI CRACKED ARCHES 

(Cannizzaro et al. 2017)

INVERSE PROBLEMS (Caddemi and Caliò 2014, 

Caddemi et al. 2018, Greco et al. 2018)

Background
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In particular, with referenceto inverse problems, a recentwork whichexploits the 

propertiesof a concentratedmass with rotary inertiato locate cracks (Cannizzaro et al. 

2018) an efficientsolutionfor the dynamics of crackedbeamswasintroduced, ableto 

explicitly infer the mode shapesgiventhe fundamentalfrequencies.

The computationof the fundamentalfrequencies, althoughrequiringto handle nonlinear

equations, is simplifiedbecausethe size of the problemsis associatedto the end 

conditionsonly, irrespectivelyof the numberof the along-axiscracks.

Background

F. Cannizzaro, J. De Los Rios, S. Caddemi, I. Caliò, S. Ilanko, On the use of a roving body with rotary 

inertiato locate cracks in beams, Journal of Sound and Vibration 425(7) (2018) 275-300.



Interval analysis of the forced vibration of beams with uncertain damage
F. Cannizzaro, N. Impollonia, G. CocuzzaAvellino, S.Caddemi, I. Caliò

REC 2021 ï9th International Workshop on Reliable Engineering Computing ïVirtual conference May 17-20 2021

The governing equation

Constitutiveequation

Eigenproperties

 
( ) ( ) ( ) ( ) ( )

4

1

, , , ,
n

IV

i i

io o

mL
u t u t u t q t

E I
x x x d x x x

=

¡ ¡¡+ = D - +ä

 
o o

i

i

E I

K L
l= ( ) ( ), ,i i iu t u tx l x¡ ¡¡D =  [ ]1 2, ,... ,...i nl l l l=ɚ

 
( ) () ( )

4

, ,

1

; ;r j r j r

j

C ff x x
=

=äɚ ɚ ɚ
 4

4 2

r r

mL

EI
a w=

 
( ) ( ) ( ) ( ), , ,

1

; ; ; ; , 1, ,4
n

j r j r k k j r k

k

f h h f jx x x l x
=

¡¡= + =äɚ ɚ ɚ ɚ

 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1, 2, 3, 4,

,

; sin ; ; cos ; ; sinh ; ; cosh ;

1
; sin sinh

2

r r r r r r r r

i r r i r i i

r

h h h h

h U

x a x x a x x a x x a x

x a x x a x x x x
a

= = = =

è ø= - + - -ê ú

ɚ ɚ ɚ ɚ

ɚ

where



Interval analysis of the forced vibration of beams with uncertain damage
F. Cannizzaro, N. Impollonia, G. CocuzzaAvellino, S.Caddemi, I. Caliò

REC 2021 ï9th International Workshop on Reliable Engineering Computing ïVirtual conference May 17-20 2021

The governing equation

Boundaryconditions Determinantalequation
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Forced vibrations
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In the field of continuoussystems the dynamicanalysisof structuresis usuallytackled

accordingto the following steps

Solution strategy

Governingdifferentialequation

Computationof integrationconstants and eigenmodes

Computationof other modalproperties:
- Generalizedmodalmass

- Modal loadterm
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Explicitcomputationof the generalizedmodalmass          and of the modalloadterm

Explicitcomputationof the frequency parameters

In the field of continuoussystems the dynamicanalysisof structuresis usuallytackled

accordingto the following steps

Solution strategy

Governingdifferentialequation

Computationof integrationconstants and eigenmodes(),j rC ɚ ( );rf xɚ
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Approximated explicit solutions of 
the modal properties

Themainmodalproperties,that is eigenfrequencies,generalizedmodalmassesandmodalload

termsare hereexplicitly expressedaccordingto the Shermanand Morrison formula (1949),

which was already adoptedfor static problems(Impollonia 2006). Damageintensitiesare

consideredasvariablesof theproblem.
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Approximated explicit solutions of 
the modal properties

The terms are coefficientsto be computedenforcingthe

correspondencebetweenexactandapproximatedsolutionsatgivendamageconfigurations.
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Approximatedsolutioncalibratedon

Validation of the proposed approach:
single cracked beam


