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Motivation

Thecomputatiorof theboundsof the response to thierced vibration of damaged beams
presence of uncertain but bounded damage intensities requires the soluatggryof
nonlinear equations

Thefrequency parameteexhibit monotonictrends with respect to tlteamage intensities
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Motivation

Theresponsao the forced vibrations may exhilibrrmonotonictrends with respect to the
damage intensitiaa terms of transversal displacement
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Objective

Proen T LY
Dynamicsof EulerBernoulli multi-crackedbeams .~

‘ |
Crackmodellin | \ ! h n |
g ‘ A’” 5' /L; 5-’ vee /’L’é ves j"’: 5" |

- equivalentrotationalhingemodel(K;, x), i=1,& n

- crackintensities/;, i=1,6 n (hereconsideredasvariablesof the problemcollectedin the vector
a:[/l, b,... i/...n])

Objective

- Explicit expression of the eigenpropertiesof the beam and subsequentlyof response
parametersf theforcedvibrationsof crackedoeams

- Application to direct problems(responsevariability and identification of the boundsof the
responsg

Procedure
- Adoption of thedistributiontheory generalisedunctiong

- Approximatedformulasfor thecomputationof themainmodalparametergfrequencygeneralized
modalmass andnodalloadtermg
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The equivalent rotational spring to
model concentrated.damage

E, | =flexuralstiffness

K*®
hw 7
i m d Equivalent model
Damagedbeam (Freund and Herrmann 1976,
—d/h Gounaris & Dimarogonas1988)
. m=d/h El, 1 Dimensionless
Stiffnessof theequivalentspring Ked=_"00

"L @/' local compliance

Rizos,Aspragathos Dimarogonas1990
/( /)7:5.346% (1.86 ’m+ 3.95° m#16.375' m-37.226 m¥6.81 mi26'9 i
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OstachowicZ& Krawczuk 1991
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How multiple singularities can be treated
without increasing the size of the problem?

Thestructuralresponsef crackedoeamss usuallysolvedby enforcingthe continuity conditions
atthecrackedsections

y(xn.n,,-*-l.l) y(xl 10)
Transfermatrix method WX v1.1) —[TT] Y110) [TT1=[T0 [ T-1yn-0))- - [T22][T11]
. M(x,,, +1.1) M(x,,0)
Li 2
( Ooa Vi (Fsn e 1) M(x110)
Theoryof distributions w"(x, £) + % w(x, 1) = Aw"” (x1, )0(x — x1) + Aw" (x1, )0 (x — x1) + Aw'(x1, )" (x — x1)
(WangandQiao 2007 = Awei, DO Ge— xi).
Stiffnessreductionmethod _ e .
| . EX)I( X=El,g -a 90 d-¥
(CaddemiandCalio 2008 e iz
Flexibility modellin 1 1€ .
y MomETng [EICXN =[El] & & /(d-y
(PalmeriandCicirello 2011 e iz
FOFCGG r e éUIﬂCﬁI(SﬂS R(TJ (X) o [U(TJ(X)(p(r](X)M(FJ(X)S(TJ(X)]T - (-UE /L G(PJ (xy D),o(y)Um(y)d(x —y)dy
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(Failla etal. 2008
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Background

At the University of Catania the theory distributionshasbeensuccessfullyproposed
with referencedo:

STATICS (Biondi and Caddemi 2007, Caddemi et al. 2013)
STABILITY (Caddemi and Calio 2008, Caddemi et al. 2014)

DYNAMICS (Caddemi and Calio 2009, Caddemi et al. 2015).
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Background

Applications ofthesebasicsolutionshavebeen
appliedto differentfields:

DYNAMIC INSTABILITY of damagedeams
(Caddemi et al. 2014

TENSILE BUCKLING (Caddemi et al. 2015)

DYNAMICS AND STABILITY of damagedrames
(Caddemi and Calio 2013, Caddemi et al. 2013,
Caddemi et al. 2007

STATICS OF MULTI CRACKED ARCHES
(Cannizzaro et al. 2037

INVERSE PROBLEMS Caddemi and Calio 2014,
Caddemi et al. 2018, Greco et al. 2018

%
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Background

In particular with referencedo inverseproblems arecentwork which exploits the
propertienf aconcentratednass with rotarynertiato locate cracksGannizzaro et al.
2018 anefficient solutionfor the dynamics ofrackedoeamswvasintroduced ableto
explicitly infer the modeshapegiventhefundamentafrequencies.

Thecomputatiorof thefundamentafrequenciesalthoughrequiringto handlenonlinear
equationsis simplified becaus¢he size of th@roblemss associatedb the end
conditionsonly, irrespectivelyof thenumberof thealongaxiscracks.

F. Cannizzaro, J. De Los Rios, S. Caddemi, I. Calio, S. llanko, On the usavaigabody Wifh rotary
inertiato locate cracks ibeams Journal of Sound and Vibration 425(7) (2018) -308.

NEAN
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The governing equation
o (et)+ 200 ) A B (i (o]

Constitutiveequation

Dui(x,t) =i (i o)) /= o=/, 4y i honr,]
Eigenproperties

a; = 'ZVE A xa»):éle,r( »f (X))

where

f (6e)=h, (¥ »AN (9l (. ka | &4

h,(xe)=sinax h, ( ;& =os, abk( ;)ewsinh, ;ha(x;) acosh

ﬁi,r(x;egzzir sin a( x,)xsinh, (a Y@k )x x
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The governing equation

Boundaryconditions

F(0;2)=0;  £(D; 9 =0;

Pinnedpinned f(La)=0 (L % =0
f(0;8)=0;  £(0; 9 =0;

Clampedclamped F(La)=0 f(1; ¥ =0

Determinantalequation

f (o) 4 (1 9~ fa (L )8y (1) &0

gf (10)- 1, (L 9 gfR(L Jofa (L) og
- 8, (L9) -1, (L 9 gf8(L )ofu (1) &G
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Forced vibrations

Generalkolution(freevibrations)
 5(0)+2, 37,9 Z, Modal damping

inw (Pt
CHE wma(@)= w( Wi-2 Dampedrequency
Particularsolution(steadystateresponse)

P

21(t) = 67 ¥ &7,(0) cosw, (o)
e Wy.q

s
(&1 2 10
PR Pg,(&,:0) o P, (&) .
PS(&-& )smaot M—msmmr =2 (1) = M (n)a (k)[Cp(l)smmr+Dp (k)cosmr]
q, sin ot qo‘[;%(f,l é:sina:ri‘ 22 (1) = 4 '[ g, (&:3) f[C (A)sinwt+D (l)cosa)r]
M, (2) - M, (We (3) - ° :
_ 1- 115 (3)
Constants - HON RN Y
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Solution strategy

In the field ofcontinuoussystems thelynamicanalysisof structuress usuallytackled
accordingo the following steps

Governingdifferential equation

4

R - W OE IR Y

0 0

Solution of adeterminantalequation(eigenfrequencya’ = #mL*/El)

Computationof integrationconstantsC;, (&) andeigenmodes, ( %)

Computationof other modalproperties
- Generalizednodalmass M, (e)= rj
- Modalloadterm  Q,(te)=p

Fo( x 9, Yt
o( x9a( ,®d

Integration ofdifferential equationsin the modalspace

()22, W) 5 () + i pa() SRS a,

Computationof the responsa/ia modalsuperimposition
uxtie=a A 99(Y @, (f )=}

r 4

REC 20211 9™ International Workshop on Reliable Engineering ComputirigVirtual conference May 1720 2021
Interval analysis of the forced vibration of beams with uncertain damage
F. CannizzaroN. Impollonia, G. Cocuzzavellino,S.Caddemi, I. Calid



Solution strategy

In the field ofcontinuoussystems thelynamicanalysisof structuress usuallytackled
accordingo the following steps

Governingdifferential equation

4

R - W OE IR Y

0 0

Solution of adeterminantalequation(eigenfrequencya’ = #mL*/El)

Computationof integrationconstantsC;, (&) andeigenmodes, ( %)

Computationof other modalproperties
- Generalizednodalmass M, (e)= rj
- Modalloadterm  Q,(te)=pf

fo 9,0 )
o( x9a( ,®d

Integration ofdifferential equationsin the modalspace

()22, W) 5 () + i pa() SRS a,

Computationof the responsa/ia modalsuperimposition
uxtie=a A 99(Y @, (f )=}

r 4

REC 20211 9™ International Workshop on Reliable Engineering ComputirigVirtual conference May 1720 2021
Interval analysis of the forced vibration of beams with uncertain damage
F. CannizzargoN. Impollonia, G. Cocuzzavellino,S.Caddemi, |. Calid




Solution strategy

In the field ofcontinuoussystems thelynamicanalysisof structuress usuallytackled
accordingo the following steps

Governingdifferential equation

4

R - W OE IR Y

0 0

Explicitcomputationof the frequencyparameters:’(s)

Computationof integrationconstantsC;, (&) andeigenmodes, ( %)

)

Explicitcomputationof the generalizednodalmassv,(s) and of tmeodalloadterm
Q(t:9)

Integration ofdifferential equationsin the modalspace
()22, W) 5 () + i pa() SRS a,

Computationof the responsa/ia modalsuperimposition
uxtie=a A 99(Y @, (f )=}

r 4
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Approximated explicit solutions of
the modal properties

Themainmodalpropertiesthatis eigenfrequenciegieneralizeanodalmassesndmodalload
termsare hereexplicitly expressedccordingto the Shermanand Morrison formula (1949,
which was already adoptedfor static problems(Impollonia 200§. Damageintensitiesare
consideredsvariablesof the problem.

n pa_.
F t 4 5 Pl = | - D.
requencyparameter  a;(s) @4, 4ia:11+bibp,i , p=1,..,n, bl -.D ]
: n  bc .
Generalizeamodalmass M [ =1,...n., b [ -/D.
p(e‘)@vlo,p i:11+[7idp,i p nm i [ ( Iy
" be (1)
t; t P : =1,..., , b I -[/D
Modalloadterm — Q,(t@) @Q, (1) glﬂzfp,i (t) P Ny I -(D .}
Damagantensities
/J. = g,j +J.bj E..n j bgl T’Dj
LJ:é,j_ : =/01 =/|:éi+[i) /|
LD/ | D/ |
I I 1
| bj
| -
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Approximated explicit solutions of
the modal properties

n ba

Frequencyparameter a;‘(a) @cﬁp 8 1+Ib;i ’ p=1,..,n, b ﬁ -..D i]
i=1 i~p.i

Theterms a,;,b,; c,..d,; e.(t),f.(1) arecoefficientsto be computedenforcingthe
correspondencleetweerexactandapproximatedolutionsat givendamageconfigurations

This approachrequirescomputingthe exactmodal propertiesat 2n+1 damageconfigurations
To uncouplethe systemof equationghe consideredlamageconfigurationsare

_ 2 ga;(aS)' igp g %'p ) ‘:fé—@

2 =@ ey e ] =
9 8/0,1’ 4,2’ 1 st on S:]-,---;n %o D/ a;(a“s)' %(—@)
=& o1 Lorerercheee ol 4 B
9 @/o,l o, , bpS: 1 2ao,p; _%(Qs) B %( @)
* D, ap(a)- 4(9
n=1 /2 n=2
_ &os 4
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Validation of the proposed approach:
single cracked beam

Approximatedsolutioncalibratedon

A 0.6
£=02 =015 / N w0
e — o 005 ol 05 02 0.25 03 i 003 il 013 nr 023 i3
5020.7 :

REC 2021 9" International Workshop on Reliable Engineering CompultirigVirtual conference May 1720 2021
Interval analysis of the forced vibration of beams with uncertain damage
F. CannizzaroN. Impollonia, G. Cocuzzavellino,S.Caddemi, I. Calio



