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Abstract. Propagating uncertainties through computational models is a key ingredient in uncertainty quantification in engineering. In general, uncertainty can be characterized as aleatoric,
caused by variability, and epistemic, caused by lack of knowledge. Imprecise probability theory
offers a natural framework to deal with both through, through sets of probability distributions.
Among the latter, probability-boxes (p-boxes), which specify upper and lower bounds on admissible
cumulative distribution functions (CDFs), are well established in the literature. We hereby introduce
a novel class of p-boxes, constrained distribution-free p-boxes, that is based on imposing constraints
on the admissible distributions (e.g. bound moments, symmetry, derivatives, etc.) on otherwise
distribution-free p-boxes. We demonstrate that this class maintains most of the flexibility of classical
distribution-free p-boxes, while avoiding most of the non-physical configurations it can be associated
with. We also show how constrained distribution-free p-boxes can influence uncertainty bounds in
the model predictions, thus improving the quality of the resulting uncertainty estimation.
Keywords: uncertainty quantification, uncertainty propagation, imprecise probabilities, probabilityboxes, Monte Carlo simulation

1. Introduction
Over the past decades, uncertainty quantification (UQ) for engineering systems has become of
great interest, see (Soize, 2017). Popular disciplines of UQ concern, for instance, with the analysis
or the selection of a design for reliability or robustness, (Moustapha and Sudret, 2019; Teixeira et
al., 2021). Here, computational models that analyze the behavior of mechanical systems together
with the increased availability of computational resources have made major contributions: they are
used to propagate the uncertainty in input parameters to the output space by performing multiple
model evaluations. Usually, the uncertain parameters in the input space are modeled by probabilistic models to account for their variation, i.e., intrinsic randomness. This type of uncertainty
is also called aleatoric uncertainty, and Monte Carlo simulation (MCS) is usually applied for their
propagation. However, there are often situations in engineering in which the actual probabilistic
model is unknown. Hence, epistemic uncertainty, which is due to lack of knowledge and can be
reduced in principle, adds to the aleatoric uncertainty, see (Der Kiureghian and Ditlevsen, 2009).
In general, aleatoric and epistemic uncertainties can be treated in a unified framework called
imprecise probability theory, see (Augustin et al., 2014; Walley, 1991). For the modeling of uncertain
parameters, imprecise probability models consider sets of probability distributions. A popular
representative hereof are (distribution-free) p-boxes, which provide upper and lower bounds for
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the unknown cumulative distribution functions (CDF) to define such a set. Because of this simple
construction and their intuitive visualization, p-box are especially useful in engineering, (Ferson et
al., 2003). The more information about the unknown CDF of the uncertain parameter is available,
the tighter the bounding CDFs can be chosen. This yields a unique CDF in the limit case. The
bounding CDFs are usually constructed based on given information. In general, it is distinguished
between construction methods that are based on incomplete distribution properties, or a given
dataset with samples of the uncertain parameters (see (Ferson et al., 2003) for an overview).
Unfortunately, the use of these methods may lead to wide bounds and CDFs enclosed by the
p-box that do not match the given information, see (Beer et al., 2013). For example, the p-box
covering all CDFs of random variables with specific mean and variance values, constructed by the
Chebychev inequality, as done in (Oberguggenberger and Fellin, 2008), also covers CDFs of random
variables with different mean and variance values. This motivates to constrain the feasible CDFs
within the p-box bounds. A possible restriction would be to limit the considerations to a specific
CDF family, which yields a so-called parametric p-box. However, reasons for this restriction might
be lacking and thus, the epistemic uncertainty of the uncertain parameters is not represented well
enough. Nevertheless, a remedy can be found by using either generalized distribution families for
parametric p-boxes, see (Daub et al., 2021b), or by constraining the feasible CDFs of a distributionfree p-box. In this paper, the latter idea is considered, and constrained distribution-free p-boxes are
proposed.
This paper is organized as follows: first, the basics of p-boxes are explained, and constrained
distribution-free p-boxes are derived from distribution-free p-boxes. Then, both p-box types are
discretized for numerics, and a pragmatic propagation method is presented. This is applied to
the two-dimensional Rosenbrock function as a computational model and the results for various
constrained distribution-free p-boxes are discussed.

2. P-boxes
2.1. From distribution-free to constrained distribution-free p-boxes
In order to describe variables facing aleatoric uncertainty, random variables are used in probability
theory. Here, a real-valued random variable X is a measurable function which is defined on a
probability space and maps from its sample space to R. Conventionally, X is characterized by a
cumulative distribution function (CDF) FX , which states the probability that X takes on a value
less than or equal to x ∈ R, i.e.,
FX : R → [0, 1], FX (x) = P (X ≤ x).

(1)

A CDF has the property that it is non-decreasing, right-continuous, and converges to 0 for x → −∞
d
FX is called probability density function (PDF). Hence,
and 1 for x → ∞. Its derivative fX = dx
the function value of FX at x ∈ R can be also expressed as
Z
FX (x) =
Ix (x0 )fX (x0 ) dx0 .
(2)
R
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where Ix is an indicator function with Ix (x0 ) = 1 for x0 ≤ x and Ix (x0 ) = 0 for x0 > x, x0 ∈ R.
In the context of imprecise probabilities, the actual CDF of X faces epistemic uncertainty, i.e.,
is unknown due to lack of knowledge, and only sets in which it is contained can be provided. One
approach to define such a set of possible CDFs for X is the modeling as a probability-box, or short
p-box. A p-box is defined as a pair of an upper CDF F X and a lower CDF F X , see (Ferson et al.,
2003). This results in the set
[F X , F X ] = {FX ∈ F | F X (x) ≤ FX (x) ≤ F X (x), x ∈ R}

(3)

for the unknown CDF of X, where F is the set of all CDFs on R. As F, and thus [F X , F X ], allows
for arbitrary distribution types, [F X , F X ] is also called a distribution-free p-box.
If the feasible CDFs can be limited to a specific CDF family FΘ with parameters θi , i = 1, . . . , nθ ,
collected in θ ∈ Rnθ , a parametric p-box, also called distributional p-box is obtained. Here, bounds
are put on the parameters θi instead of directly on the CDFs FX (·, θ). This is usually done in
the form of lower bounds θi and upper bounds θi , yielding intervals [θi , θi ] for each parameter
θi , i = 1, . . . , nθ . The envelope of a parametric p-box is a distribution-free p-box defined by the
bounding CDFs
F X (x) = max{FX (x, θ) | θi ≤ θi ≤ θi , i = 1, . . . , nθ },
F X (x) = min{FX (x, θ) | θi ≤ θi ≤ θi , i = 1, . . . , nθ }

(4)
(5)

for x ∈ R. Note that the parametric p-box is usually a proper subset of its envelope, i.e., they are
not equal.
As opposed to focusing on a specific distribution family for using only selected CDFs of a
distribution-free p-box, also the feasible CDFs of a distribution-free p-box can be constrained in a
non-parametric way. This leads to a constrained distribution-free p-box, which is proposed in the
following. The idea of this p-box type is to narrow the feasible CDFs by putting further constraints
on the p-box than the fundamental p-box constraint in Equation (3). For example, upper and lower
bounds can be put on the moments of X, like the mean µ = E(X) and the variance σ 2 = Var(X),
or on the values of the PDF fX and its further derivatives. In addition, the distributional shape can
be constrained for, e.g., symmetry or unimodality. Thus, a set of feasible CDF F 0 ⊆ F that only
comprises CDFs fulfilling these constraints can be used to define a constrained distribution-free
p-box for the unknown CDF of X via
[F X , F X ]0 = [F X , F X ] ∩ F 0 .

(6)

Basically, this idea is already included in (Beer et al., 2013), in which a p-box is represented as a
quintuple hF X , F X , [µ, µ], [σ, σ], F 0 )i. Here, the bounds on the mean and the standard deviation,
given by [µ, µ] and [σ, σ], are separated from further restrictions on the CDFs, given by F 0 ⊆ F.
However, this remains rather a theoretical construct and appropriate techniques on how to handle
such constraints for computations are lacking. To counteract this, a discretization scheme for CDFs
that allows the integration of constraints is deployed in the following. First, distribution-free p-boxes
with no constraints are considered again.

REC 2021

368

Daub, Marelli, Sudret

2.2. Numerics with distribution-free p-boxes
In this paper, the discretization is done with respect to the real space R. Here, a simple approach
is to put an equidistant grid on an interval [x, x] ⊆ R. The lower bound x is chosen as the largest
values such that F X (x) = 0 holds and the upper bound x as the smallest value such that F X (x) = 1
holds. In case of an unbounded support, these bounds are chosen application-specific so that the
approximations F X (x) ≈ 0 and F X (x) ≈ 1 can be accepted. Let N ∈ N be the number of grid
points inside the interval [x, x], then the grid is defined as
[x, x]h = {xjh ∈ R | xjh = x + jh, j ∈ {0, . . . , N + 1}}

(7)

j
x−x
with h = N
+1 . Accordingly, the values of the CDF FX at the grid points xh are denoted by
j
FX,h
= FX (xjh ) ∈ [0, 1] for j = 0, . . . , N + 1. In order to guarantee that FX is a proper CDF which
j
is an element of the p-box [F X , F X ], the following inequalities must be fulfilled for FX,h
:
j
j+1
FX,h
≤ FX,h
,

(8)

j
FX,h
≤ F X (xjh ),

(9)

j
FX,h
≥ F X (xjh ),

(10)

N +1
0
= FX (x) = 0 and FX,h
= FX (x) = 1 hold or are least assumed for
j = 1, . . . , N . Moreover, FX,h
j
1 , . . . , F N ) ∈ [0, 1]N .
, j = 1, . . . , N are collected in FX,h = (FX,h
i = 0, N + 1. The unknown FX,h
X,h
As the inequalities (8)-(10) are all linear, they can be stated as

AFX,h ≤ b,

(11)

for FX,h ∈ [0, 1]N , where A ∈ R(3N +1)×N and b ∈ R3N +1 . The set of all FX,h which fulfill the
system of linear inequalities (11) is denoted by SFX,h , i.e.,
SFX,h = {FX,h ∈ [0, 1]N | AFX,h ≤ b}.

(12)

For numerical computations, often the values of FX at non-grid points are also required. To
account for this with a simple approach, linear interpolation is used in this paper, i.e.,
FX (x) =

j
FX,h

+

j
j+1
− FX,h
FX,h

− xjh
xj+1
h

(x − xjh )

(13)

for x ∈ (xjh , xj+1
h ). It ensures that FX is non-decreasing when it fulfills Equation (8). The set of
all piecewise linear CDFs defined by Equation (13) for which FX,h ∈ SFX,h holds is denoted by
[F X , F X ]h . For N → ∞, i.e., h → 0, FX ∈ [F X , F X ]h is capable to approximate an arbitrary
CDF of the p-box [F X , F X ] in (x, x). However, by using Equation (8), FX ∈ [F X , F X ]h can violate
the p-box bounds if F X is not concave or if F X is not convex. This is accepted here, as the
maximum error decreases with growing N . Moreover, FX ∈ [F X , F X ]h is not differentiable at
the grid points. If differentiability is desired, a more profound interpolation approach is monotone
(cubic) interpolation, see, e.g., (Fritsch and Carlson, 1980). Below, an example that illustrates the
use of piecewise linear CDFs for distribution-free p-boxes is provided.
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Figure 1. Distribution free p-box [F X , F X ]h for Example 1 and N = 2. Left: Feasible set SFX,h (white region) and
unfeasible set (blue region) for FX,h . Right: P-box bounds of [F X , F X ]h with examples of feasible CDFs.

EXAMPLE 1. Let a distribution-free p-box be defined by the bounding CDFs


for x ≤ 0,
for x ≤ 2,
0
0
F X (x) = 0.5x for 0 < x ≤ 2,
F X (x) = 0.5x − 1 for 2 < x ≤ 4,


1
for x > 2,
1
for x > 4

(14)

for x ∈ R, which belong to the uniform distribution family. For the purpose of visualization, a
discretization of [x, x] = [0, 4] is done by only N = 2 inner grid points, first, and the feasible
CDFs of [F X , F X ] are represented by piecewise linear CDFs FX ∈ [F X , F X ]h defined via FX,h =
1 , F 2 ). CDF examples of [F , F ] are shown in Figure 1 together with their feasible set
(FX,h
X
X h
X,h
SFX,h . Then, the same is done for N = 100 to illustrate the full capability of the approach, and
CDF examples of [F X , F X ]h are shown in Figure 2.

2.3. Numerics with constrained distribution-free p-boxes
The approach for distribution-free p-boxes can be extended for constraint distribution-free p-boxes
by introducing, in addition to the inequalities (8)-(10), inequalities accounting for specific constraints. Exemplarily, inequalities to yield upper and lower bounds on the PDF and the mean, and
symmetry around 12 (x + x) for the piecewise linear CDFs as defined in Equation (13) are listed in
the following:
− Bounds on the PDF : As a piecewise linear CDF with FX,h ∈ SFX,h is not differentiable at the
grid-points in a strong sense, only the derivative values in x ∈ (xjh , xj+1
h ), j = 0, . . . , N , are
considered. There are a lower bound f ∈ R and an upper bound f ∈ R on the PDF if the
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Figure 2. P-box bounds of the distribution free p-box [F X , F X ]h with examples of feasible CDFs for Example 1 and
N = 100.

inequalities
f≤

j+1
j
− FX,h
FX,h

h

≤f

(15)

are fulfilled for j = 0, . . . , N .
− Bounds on the mean: There are a lower bound µ ∈ R and an upper bound µ ∈ R on the mean
for a piecewise linear CDF with FX,h ∈ SFX,h if the inequalities
µ≤

N 
X

j+1
FX,h

j=0

−

j
FX,h



h
j
xh +
≤µ
2

(16)

are fulfilled.
− Symmetry around 21 (x + x): A piecewise linear CDF with FX,h ∈ SFX,h is symmetric around
1
2 (x + x) if the equations
j
N +1−i
= 1 − FX,h
(17)
FX,h
are fulfilled for i = 1, . . . , N2 and even N , and for i = 1, . . . , N 2+1 and odd N .
Similar to the inequalities (8)-(10), the inequalities (15) and (16) are linear. Hence, they can be
integrated into the system of linear inequalities (11), yielding another system of linear inequalities
A0 FX,h ≤ b0 ,
0

(18)

0

for FX,h ∈ [0, 1]N , where A ∈ RN ×N , b ∈ RN , and N 0 ≥ 3N + 1. Here, the set of all FX,h which
fulfill the system of linear inequalities (18) is denoted by SF0 X,h , i.e.,
SF0 X,h = {FX,h ∈ [0, 1]N | A0 FX,h ≤ b0 },

(19)
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Figure 3. Constrained distribution-free p-box [F X , F X ]0h for Example 2 and N = 2. Left: Feasible set SF0 X,h (white
region) and unfeasible set (blue region) for FX,h . Right: P-box bounds of [F X , F X ]0h with examples of feasible CDFs.

and it holds SF0 X,h ⊆ SFX,h . Note that Equation (17) can be considered either in an additional
system of linear equations, as each two inequalities in the system of linear inequalities (18), or by
j
, j = 1, . . . , N .
reducing the variables FX,h
Also note that a piecewise linear CDF with FX,h ∈ SFX,h has an intrinsic upper bound on the
PDF given by f = h1 because of the discretization. Accordingly, further inequalities for specific
CDF properties can be defined. The set of all FX ∈ [F X , F X ]h with FX,h ∈ SF0 X,h is denoted by
[F X , F X ]0h ⊆ [F X , F X ]h . Subsequently, the bounding CDFs of Example 1 are used to visualize
constrained distribution-free p-boxes with piecewise linear CDFs.
EXAMPLE 2. Given the bounding CDFs of Example 1, defined by Equation (14). In this example,
a constrained distribution-free p-box [F X , F X ]0 that accounts for an upper bound of the PDF with
f = 0.4 is considered. Again, the discretization of [x, x] = [0, 4] is done by only N = 2 inner grid
points, first, and the feasible CDFs of [F X , F X ]0 are represented by linear CDFs FX ∈ [F X , F X ]0h
1 , F 2 ). CDF examples of [F , F ]0 are shown in Figure 3 together with
defined via FX,h = (FX,h
X
X h
X,h
the feasible set SF0 X,h . Then, the same is done for N = 100 to illustrate the full capability of the
approach, and CDF examples of [F X , F X ]0h are shown in Figure 4. In comparison with Example 1,
it can be seen that CDFs with large PDF values, i.e. derivative values, are excluded from [F X , F X ]0h .
2.4. Propagating p-boxes
Next, it is considered how constrained distribution-free p-boxes can be propagated through a computational model M that maps from the nx -dimensional input space Rnx to the one-dimensional
output space R, i.e.,
M : Rnx → R, (x1 , . . . , xnx ) = x 7→ y = M(x).
(20)
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Figure 4. P-box bounds of the distribution free p-box [F X , F X ]0h with examples of feasible CDFs for Example 1 and
N = 100.

For uncertainty in the input variables xi , represented by the random variables Xi with marginal
CDFs FXi , i = 1, . . . , nx , there is uncertainty in the output variable y, too. Hence, it is Y = M(X),
where X is the nx -dimensional random vector comprising the real-valued random variables Xi ,
i = 1, . . . , nx , and Y is the real-valued random variable representing the uncertainty in the output
variable. The CDF FY of Y depends on the joint CDF FX , or rather the joint PDF fX , of the
random variables Xi , j = 1, . . . , nx , i.e.,
Z
FY (y) = P (M(X) ≤ y) =
Iy (M(x))fX (x) dx,
(21)
R

where Equation (2) was used. As equation (21) is in general hard to solve, numerical techniques like
Monte Carlo simulation (MCS) can be used, see (Kalos, 2008) for an overview. Here, realizations
x(j) , j = 1, . . . , M , of a independent random sample from the CDF FX of length M are required.
Then, FY (y) can be estimated as
FY (y) ≈

M
1 X
Iy (M(x(j) ))
M

(22)

j=1

(j)

for y ∈ R. In general, the entries of x(j) , denoted by xi , i = 1, . . . , nx , can be generated by
inverse transform sampling for j = 1, . . . , M , (Kalos, 2008). For reasons of simplicity, statistical
independence between the random variables Xi , i = 1, . . . , nx is assumed in this paper. Then,
(j)
the joint PDF can be computed as the product of the marginal PDFs, and realizations ui of an
independent random sample from the standard uniform distribution of length nx M can be used to
obtain
(j)
(j)
xi = FX−1i (ui ),
(23)
i = 1, . . . , nx , j = 1, . . . , M . Note that statistical dependence could be also considered using an
isoprobabilistic transform, see, e.g., (Torre et al., 2019).
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In the context of p-boxes with unknown marginal CDFs FXi ∈ [F Xi , F Xi ], i = 1, . . . , nx , the CDF
FY is an element of a set of feasible CDFs for Y . This set can be grasped by its envelope [F Y , F Y ],
which is a distribution-free p-box. Then, the challenge in propagating the p-boxes from the input
to the output space becomes the computation of the bounding CDFs F Y and F Y . In general, there
are various methods to compute these bounds numerically if parametric or distribution-free p-boxes
are considered, see (Faes et al., 2020) for an overview. However, because of the CDF constraints
for constrained distribution-free p-boxes [F Xi , F Xi ]h , i = 1, . . . , nx , they are often not transferable.
In the following, an intuitive approach, based on MCS and the presented discretization with linear
interpolation, is proposed.
For constrained distribution-free p-boxes [F Xi , F Xi ]0h , i = 1, . . . , nx , the dependency of FY
reduces to the function values of the marginal CDFs FXi , i = 1, . . . , nx , at the grid points. Without
loss of generality, it is assumed that they are all represented by N -dimensional tuples FXi ,h ∈ SF0 X ,h ,
i
i = 1, . . . , nx . Thus, these N -dimensional tuples can be summarized in an nx N -dimensional tuple
FX,h = (FX1 ,h , . . . , FXnx ,h ) ∈ SF0 X,h with SF0 X,h = SF0 X ,h ×, · · · × SF0 X ,h . Then, the dependency
1

nx

of FY on FX,h , can be expressed as FY (·, FX,h ) and the bounding CDFs F Y and F Y can be
determined by
F Y (y) =

max

0
FX,h ∈SF

FY (y, FX,h ),

(24)

FY (y, FX,h )

(25)

X,h

F Y (y) =

min

0
FX,h ∈SF

X,h

for y ∈ R. Computationally, these optimization problems can be treated using MCS, i.e., Equation
(22), which results the optimization problem
maximizeFX,h
subject to

1
M

M
P


 
(j)
(j)
Iy M (FX−11 (u1 , FX1 ,h ), . . . , FX−1nx (unx , FXnx ,h ))

j=1
A0 FX,h

≤

(26)

b0

for estimating F Y (y), and the same optimization problem where “maximize” is replaced by “minimize” for estimating F Y (y), y ∈ R. Note that the quality of these estimations increases with both
the number of grid points N and the number of random samples M .
Because of its non-smooth objective function and type of optimization constraints, problem (26)
can be solved by generic population-based metaheuristic optimization, i.e., evolutionary algorithms
(EA), (De Jong, 2006). In this paper, the genetic algorithm (GA), a type of EA is used, (Goldberg,
1989). Note, however, that the GA does not necessarily find a global optimum and can become
computationally inefficient, in particular, when N is large. This motivates using advanced global
optimization techniques for future research, like efficient global optimization (EGO), (Jones et al.,
1998). In the next section, the two-dimensional Rosenbrock function is considered as an example
of a computational model M. As an analytic function, it can be evaluated fast. For computational
models for which this is not the case, e.g., where M is a black-box function, surrogate models like
Kriging or (sparse) polynomial chaos expansion (PCE) can be used to approximate M, see, e.g.,
(Lüthen et al., 2020; Schöbi, 2017), before solving problem (26).
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Figure 5. Two-dimensional Rosenbrock function as an example of a computational model M. Left: Graph of M for
−3 ≤ x1 , x2 ≤ 3. Right: Set of x with M(x) ≤ 80 (white region) and M(x) > 80 (blue region).

3. Application to the Rosenbrock function
3.1. Problem description
The two-dimensional Rosenbrock function, see (Rosenbrock, 1960), is used in (Schöbi, 2017; Schöbi
and Sudret, 2017) as an example of a computational model for the propagation of distribution-free
p-boxes. It reads
M(x) = 100(x2 − x21 )2 + (1 − x1 )2
(27)
for x ∈ R2 and is visualized in Figure 5. The two-dimensional Rosenbrock function has a global
minimum at x = (1, 1) with M(x) = 0 and a codomain of [0, ∞).
The variables x1 and x2 are modeled as random variables X1 and X2 , whose feasible CDFs
are considered for different cases of constraint distribution-free p-boxes. The CDFs forming the
envelope of a parametric p-box from a normal distribution with mean value µ ∈ [−0.5, 0.5] and
standard deviation value σ ∈ [0.7, 1] are considered as bounding CDFs, i.e.,

FN (xi , −0.5, 1) for x ≤ −0.5,
F Xi (xi ) =
max
FN (xi , µ, σ) =
(28)
F
µ∈[−0.5,0.5],σ∈[0.7,1]
N (xi , −0.5, 0.7) for x > −0.5,

FN (xi , 0.5, 0.7) for x ≤ 0.5,
min
FN (xi , µ, σ) =
(29)
F Xi (xi ) =
FN (xi , 0.5, 1) for x > 0.5,
µ∈[−0.5,0.5],σ∈[0.7,1]
i = 1, 2, where FN (·, µ, σ) is the CDF of a normal distribution with mean µ and standard deviation
σ, see Figures 6 and 7. Note that these bounding CDFs also correspond to the ones considered in
(Schöbi, 2017; Schöbi and Sudret, 2017).
Here, the following cases of constraints are considered for both FX1 and FX2 :
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Figure 6. CDFs responsible for F Y (80) of the constrained distribution-free p-boxes (cases 1-4) compared to the one
of the parametric p-box for the Rosenbrock example. Left: FX1 . Right: FX2 .

1. No additional constraints: This case corresponds to the case of distribution-free p-box, where
only the fundamental p-box constraints, i.e., inequalities (8)-(10), are considered.
2. Bounds on the PDF : An upper bound on the PDF is considered with
f=

max
x∈R,µ∈[−0.5,0.5],σ∈[0.7,1]

fN (x, µ, σ) ≈ 0.57,

i.e., inequality (15). Here, fN (·, µ, σ) is the PDF of a normal distribution with mean µ and standard deviation σ. This type of constraint distribution-free p-box is a superset of the parametric
p-box from the normal distribution with µ ∈ [−0.5, 0.5], σ ∈ [0.7, 1].
3. Symmetry around 0: A symmetry constraint around x1 = x2 = 0 is considered, i.e., Equation
(17). Hence, it follows µ1 = µ2 = 0, and this type of a constrained distribution-free p-box is no
longer a superset of the parametric p-box with µ ∈ [−0.5, 0.5].
4. Both bounds on the PDF and symmetry around 0: The bounds on the PDF and the symmetry
constraint around x1 = x2 = 0, as defined above, are considered.
Subsequently, the bounding CDFs F Y and F Y are computed for these cases of constrained distributionfree p-boxes using the proposed computational approach and compared to the ones of the parametric
p-box from the normal distribution with µ ∈ [−0.5, 0.5], σ ∈ [0.7, 1].
3.2. Results for F Y and F Y
For discretizing the constraint distribution-free p-boxes, the grid [−3, 3]h=0.5 with N = 11 inner
grid points and M = 104 samples for the MCS are used in this paper. The results for F Y (y) and
F Y (y), y ∈ [0, 1,000], are visualized in Figure 8. Here, the case y = 80 is investigated in more detail.
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Figure 7. CCDFs responsible for F Y (80) of the constrained distribution-free p-boxes (cases 1-4) compared to the one
of the parametric p-box for the Rosenbrock example. Left: FX1 . Right: FX2 .
Table I. Values of F Y (80) and F Y (80) for the constrained distribution-free p-boxes (cases 1-4) compared to the ones of the parametric p-box
for the Rosenbrock example.
Case

1 (no)

2 (PDF)

3 (symmetry)

4 (both)

parametric

F Y (80)
F Y (80)

0.90
0.16

0.76
0.16

0.88
0.21

0.76
0.22

0.69
0.33

The CDFs responsible for F Y (80) are depicted in Figure 6 and the CDFs responsible for F Y (80)
in Figure 7. Furthermore, the numerical values of F Y (80) and F Y (80) are shown in Table I.
In Figure 8, it can be seen that using constrained distribution-free p-boxes (cases 2-4) compared
to the distribution-free p-box with no constraints (case 1) in the input space can lead to tighter
p-box bounds in the output space. For case 1, F Y (y), y ∈ [0, 200], raises fast, from 0 to almost 1.
In contrast, F Y (y) raises much slower and is below 0.7 for y ∈ [0, 1,000]. The results for cases 2-4
follow this overall trend, although in a different manner: While the upper bounding CDF F Y (y),
y ∈ [0, 1,000], for case 3 follows the one for case 1 closely, the ones for cases 2 and 4 raise, with
a similar rate, slower until y ∈ [0, 140]. For y > 140, the upper bounding CDF for case 2 tends
faster to 1 than the one for case 4. The lower bounding CDFs for cases 1-4 behave similarly to
their upper bounding CDFs for y ∈ [0, 60]. Then for y > 60, this effect reverses and F Y (y) for case
2 follows the one for case 1 closer, than the ones for case 3 and 4. Moreover, the bounding CDFs
F Y (y) and F Y (y) for the parametric p-box are enclosed between the bounding CDFs for all cases,
y ∈ [0, 1,000].
All observations for constrained distribution-free p-boxes can be explained by examining the
constraints of cases 2-4 in comparison to case 1 for a specific y ∈ [0, 1,000]. Exemplary, this is done
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Figure 8. Graph of F Y and F Y of the constrained distribution-free p-boxes (cases 1-4) compared to the one of the
parametric p-box for the Rosenbrock example.

for y = 80. Here, the CDFs of case 1 are very steep at x1 = 0 and x2 = 0 for F Y (80). This cannot
be achieved by cases 2 and 4 due to the bounds on the PDF. For F Y (80), the CDFs of case 1 are
moderately steep at both x1 ∈ {−1, 1} and x2 ∈ {−1, 1} with a larger focus on −1 for x2 . This
cannot be achieved by cases 3 and 4 due to the symmetry around x2 = 0.
Besides the errors in the estimation of F Y (y) and F Y (y), y ∈ [0, 1,000], due to N and M ,
a further error can occur when the GA does not find the global optimum. In order to increase
the computational efficiency for determining F Y and F Y , this can be combined with regression
methods, compare (Schöbi, 2017; Schöbi and Sudret, 2017). Furthermore, the optimization results
of F Y (y) and F Y (y) can be improved by using advanced global optimization strategies, as discussed
above. An approach for selecting the grid point non-equidistantly could also be beneficial to further
improve the optimization results.

4. Conclusion
In this paper, the propagation of uncertainty modeled as probability-boxes (p-boxes) through a
computational model is considered. Traditionally, p-boxes, which are defined as upper and lower
bounds on cumulative distribution functions (CDFs), consider either only a specific distribution
family or all CDFs between the bounds as feasible. The former are referred to as parametric p-boxes
and the latter as distribution-free p-boxes. Because parametric p-boxes might lead to bounds in the
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output space that are too tight, and distribution-free p-boxes might lead to bounds that are too
wide, constrained distribution-free p-boxes are proposed here. The idea of this new p-box type is
based on distribution-free p-boxes plus a narrowing of the feasible CDFs. This is achieved by putting
constraints on the CDFs, e.g., bounds on their derivatives, bounds their moments, or restrictions
on their distributional shape. In order to treat constrained distribution-free p-boxes numerically, an
approach, which is based on a discretization of the input space and on linear interpolation for CDFs
defined at the resulting grid points, is presented. Then, the discretized p-boxes are propagated to pboxes in the output space using Monte Carlo simulation and optimization. The effects of considering
constraint distribution-free p-boxes are demonstrated using a two-dimensional analytical example.
They influence the bounds of the p-box in the output space depending on the type of constraints,
resulting in tighter bounds than the ones from distribution-free p-boxes but also wider than the
ones from parametric p-boxes if the constraints allow. Hence, constrained distribution-free p-boxes
can enhance uncertainty quantification for practical applications whenever more information than
the information of bounds on the CDFs is available, but a limitation to a specific distribution is
too restrictive.
For the application of constrained distribution-free p-boxes in more complex problems, it could
be helpful to improve the numerical propagation by adjustment concerning, e.g., the selection of
grid points, the interpolation scheme, or the optimization algorithm. Pointers on how this could be
achieved are given throughout this paper.
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